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New MIC Power Dividers Using Coupled
Microstrip-Slot Lines: Two-Sided MIC

Power Dividers

HIROYO OGAWA, MEMBER, IEEE, TETSUO HIROTA, AND MASAYOSHI AIKAWA, MEMBER, IEEE

Absfracf — New microwave integrated circuit (MI~ powerdividershave
been proposed. These power dividers utilize both substrate surfacesand
employ coupled microstrip-slot lines,’ microstrip lines, and slotlines; there-

fore, we make use of the two-sided MIC2 technique. The out-of-phase-type

power dividers, as well as the in-phase-type circuits, can be constructed by

the circuit configuration method deseribed in this paper. Coupled micro-

strip-slot lines, an important component of the power dividers, have been

auafyzed by the spectraf-domain method, and their characteristics have

been calculated and the numerical results shown for several different

structural parameters for the purpose of designing power dividers. The

out-of-phase-type power divider was fabricated at the 26-GHz band and

good performance achieved, confirming the calculated accuracy through

experimental results. The new two-sided MIC power dividers are expected
to havewide applicationsat the millimeter-waveband.

1. INTRODUCTION

R ECENTLY, microwave integrated circuits (MIC’S)

have been generally used to produce various circuits

[1], [2]. Transmitters and receivers have also been fabri-

cated by combinations of these components [3]–[5]. Micro-

strip lines are mainly used as transmission lines and con-

structed only on the one side of the substrate. Accordingly,

high-performance balanced-type circuits with simple con-

figuration and low circuit loss are not easily realized at

high-frequency bands over the quasi-millimeter-wave band,

because the microstrip line has the following shortcomings.

1) The attainable upper limit of the characteristic imped-

ance is considerably smaller than that of the slotline.

2) Series splitting circuits cannot be obtained by the

simple configuration.

3) Microstrip line couplers with a tight coupling coeffi-

cient cannot be realized because of a restrictive manufac-

turing process (except the Lange’ coupler).

4) The extent of the producible circuit configuration is

limited because the microstrip line circuit uses only one

substrate surface.

In order to overcome these problems, two-sided MIC’S

consisting of combinations of microstrip lines, slotlines,

and coplanar lines have been proposed. These effectively
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1Since the combination of the microstrip line and the slotline can
realize the distributed-type coupler [9], let us call it the coupled micro-
strip-slot lines.

2Since the circuit utilizes both substrate surfaces, let us call it the
two-sided MIC [13].

utilize both substrate surfaces and realize such high-perfor-

mance circuits at high-frequency bands as magic-T [6], [7],

3-dB directional coupler [8], [9], double-balanced mixer

[10], image-enhanced mixer [11], and balanced phase-shift

keying (PSK) modulator [12], [13]. However, two-sided

MIC power dividers with three input/output ports and

constructed with coupled microstrip slotlines have as yet

not been reported or fabricated, so far as the authors know

[27]. Three-port power dividers are passive circuits useful

in producing PSK modulators and high-power amplifiers

[14].

In this paper, new configurations of power dividers are

proposed. They consist of quarter-wavelength coupled mi-

crostrip-slot lines, a thin-film resistor, and input/output

microstrip lines or slotlines. They can produce various

two-sided MIC’S with many functions and high perfor-

mance at high-frequency bands.

First, the circuit configurations of two-sided MIC power

dividers are described. Second, the equivalent circuit of the

power divider is shown and the design formulas are pre-

sented, and then the performance limitation of the power

divider composed of coupled lines is evaluated. Third, the

spectral-domain analysis of the coupled microstrip slotlines

is reviewed briefly, and the numerical results are given and

compared with other available data. Finally, the experi-

mental results at the 26-GHz band are described.

II. CIRCUIT CONFIGURATION

Power dividers are divided into two types, the in-phase

dividing types and the out-of-phase ones. The former types

are made of microstrip lines or coaxial lines [15], [16], while

in the latter case, slotlines are used [17]. Since these circuits

are composed of one transmission line, transition circuits

are necessary to connect another circuit using a different

kind of transmission line. This increases both circuit size

and transmission loss.

Fig. 1 shows the circuit configuration of the new power

dividers proposed in this paper. They are classified into

two types, the out-of-phase type (Fig. l(a) and (b)) and the
in-phase type (Fig. l(c) and (d)), according to the kind of

input transmission line connected to their coupled micro-

strip slotlines. In this figure, the solid lines indicate tnicro-

strip lines on the substrate, while the dotted lines indicate

slotlines on the reverse side of the substrate. The difference
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Fig. 1. Circuit configurations of two-sided MIC power dividers. Sotid lines show microstrip lines on the substrate, dotted lines

show slotlines on the reverse side of the substrate. (a) and (b) are the out-of-phase-type power diwders. (c) and (d) are the

in-phase-type power dividers

Fig. 2. Schematic fundamental behavior of power divider. Arrows repre.

sent the direction of electric field.

between Fig. l(a) and (b) is the output transmission line.

The out-of-phase output power is obtained from microstrip

lines in Fig. l(a), and from slotlines in Fig. l(b). In

Fig. l(c) and (d), the in-phase output power comes from

microstrip lines and slotlines, respectively. Therefore, the

proposed power dividers composed of coupled microstrip-

slot lines can be applied to various types of circuit config-

urations.

Fundamental behavior can be understood by examining

the out-of-phase-type circuit in Fig. l(a), because the be-

havior of the other types are the same in principle. Fig. 2

gives a schematic explanation of the circuit behavior. In

this figure, arrows and circles containing a dot or x
represent the schematic expression of the electric field in

the slotline, the microstrip line, and the coupled
microstrip-slot lines. The input signal fed to port 1 propa-

gates through the slotline, and is then converted to the even

mode of the coupled microstrip-slot lines. After propa-

gation through the coupled lines, it is divided in an out-of-

phase condition into two microstrip line ports (ports 2 and

3).

On the other hand, the in-phase-type circuits utilize the

odd mode of the coupled microstrip-slot lines, because the

input signal is incident on the microstrip line, which is

followed by the coupled lines. The quarter-wavelength

short-circuited slotlines and open-circuited microstrip lines

@
ml

Fig. 3. Multisection out-of-phase-type power divider.

in Fig. 1 assist in the efficient transition from the coupled

microstrip-slot lines to the microstrip line or the slotline.

The even- and odd-mode dispersion characteristics of the

coupled microstrip-slot lines will be discussed in detail in a

later section.

III. DESIGN OF THE POWER DIVIDER

A. Design Formulas

Fig. 3 shows the :multisection out-of-phase-type power

divider which generalizes the circuit of Fig. l(a). The

design formulas have been derived for the out-of-phase-type

circuit, but these equations can also be adapted for design-

ing the in-phase-type by exchanging the even-mode char-

acteristic impedance ( Z,v.. ) for the odd-mode one ( ZO~~).

The multisection technique is used to increase the band-

width of the power divider [18].

The symmetrical circuit in Fig. 3 is analyzed by a

method employing in-phase and out-of-phase excitation of

ports 2 and 3 with a load impedance of ZO connected to

port 1 [19]. Fig. 4 shows the two equivalent circuits which

are obtained when ports 2 and 3 are excited by the

out-of-phase and in-phase signals. In this figure, O.venand

00~~ are the electrical length of the even mode and the odd

mode of the coupled microstrip slotlines, respectively.
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(a)

(b)

Fig. 4. Equivalent circuits for the out-of-phase and the in-phase excita-
tions. (a) Out-of-phase excited circuit. (b) In-phase-excited circuit.

Let POand P, be the voltage reflection coefficients of the

circuits in Fig. 4(a) and (b). The voltage reflection coeffi-

cient PI, pz, and P3 at ports 1, 2 and 3, and the voltage

transmission coefficient t12,t13,and t23 between these

ports are expressed as follows [18], [19]:

PI= P. (1)

t,2= t13;lt121= p131= +.(1– pyz (2)

fh=p3=:(&+I%) (3)

1’
‘23= #pO- f%). (4)

All characteristics of the circuit in Fig. 3 are calculated by

the above equations; however, the even- and odd-mode

characteristic impedances and the resistances still remain

unknown parameters.

By adapting. Cohn’s results and considering the follow-

ing conditions, these parameters can be determined. The

restricted conditions are as follows.

1) The odd-mode characteristic impedances ZO~~, (i= 1

- n) are designed to yield optimum stepped-transformer

response between terminal impedance ZO and ZO/2. Opti-

mum performance means equal-ripple behavior in a speci-

fied bandwidth between fl and f2. The electrical lengths

6~dd, (i=l - n) are equal to 90°.
2) The resistances Ri (i= 1- n) are calculated from the

impedance-matching condition of port 2 in Fig. 4(b). The

even-mode electrical lengths O,v,.l (i = 1- n) are also equal

to 90°.

The design formulas are derived up to the three-section

power divider. All characteristic impedances and resis-

tances are normalized by the load impedance of ZO.

One-Section Power Divider:

(5)

R,=:. (6)

Two-Section Power Divider:

A
z oddl= —

2

1
z odd2 = —

A

[

1
1/2

COt 2 e
Rl=i —–—

4 Z:venl z:ven2
–2c0ze~2

)

Z~v~nl -I- Z~v,n2 – 2R1Z._z
R2 =

2( ‘evenl + ‘even* )

where

A=((2+&]’’2+*)l’2

1 W
COS2 e = —COS2

2 1 + f2/fl “

Three-Section Power Divider:
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(7)

(8)

(9)

(lo)

(11)

(12)

z ~~dl is the positive real number which satisfies the

following fourth-order equation:

‘2
‘8Z~~dl + 8fi.z~dl – ‘Z&~ ‘2fiZO~d~ ‘1 = O

tan2 e

(13)

z~odd2 = fi (14)

1
z .—

0dd3 2zodd1
(15)

R1 = {(z,vml ~ %.2)x(x + -%..2) } 1’2/zB

(16)

&

‘2= ~B { (Zevenl + ‘mL=..=.2)(x + ‘&.2) }1’2

(17)

where

B = ( Z.ve.1Z_2Z_3 + Z.v,.2Z&3 + Z.V=.lZ:V..3

– z:ven2 – zeven2x)’/2 (19)

3 ??
cos2e = —COS2

4 1+ f2/fl”
(20)
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Fig. 5. Theoretical performance of power divider. \r23 I represents the

isolation between ports 2 and 3, 1p2 1and 1p~ 1represent the return loss
of ports 2 and 3, respectively, RZ shows the ratio of the even- and

odd-mode characteristic impedances.

x is the positive real number of the next third-order

equation.

x3+ax*+px+y=o (21)

a= 2.,,.2( -cot* Ozev,nl +3zeven2 + Zven3)

B = – {2z~.-~~lzjv,=n* – ‘evenlzevf.n3 ( ‘wenlzew.n2

+ zeven2zeven3+ zeven3Zevenl)} cot* o +2z&2zeven3

+ 3z:ven2 – Z:”en* z:ven3 – z,ven1zeven2 Z:.,*3

Y = – ( ‘~v.nlzj.c.z – z~v..lz&.* zcvc~3

–z everllzvm2 ‘tven3 – ‘&.lzc?&n2 z:ven3) cot 219

– 2zeven1z:ven2z:ven3 – 2zeven1z:ven2z:ven3

— z:ven2 z:ven3 + Z:.’-.* -%..3 – zvenlzen2 .2...3

—
‘f&mlzwm2 ‘;...3 – ‘&n2 ‘&en3 + ‘~vfm2.

B. Theoretical Performance

As a calculation example of the power-divider perfor-

mance, the one-section circuit characteristics are computed

by using (3)–(6). Fig. 5 shows the isolation between ports 2
and 3, and the return loss at ports 2 and 3. The ratio of the

even- and the odd-mode characteristic impedances ( RZ =

-%.. /zodd ) is chosen as the parameter in this c~cUk+tioD,

because these impedances have different values according

to the width and gaps of the coupled microstrip slotlines,

as will be shown in the next section.

When RZ is equal to 1.0, i.e., Zcv& = ZOdd, the power

divider is composed of noncoupled lines. This is the widest

obtainable bandwidth of the one-section power divider.

However, the larger the value of RZ, the more narrow the

bandwidth obtained. This necessitates coupled microstrip

slotlines with a slight difference between Zcve~ and ZOdd.

The reflection characteristic at port 1 and the transmis-

sion characteristics from port 1 to ports 2 or 3 are not

fL_-
05 06 07 08 09 1.0

RATIO OF EvEN- AND ODD-MCOE
ELECTRICAL LENGTH r3wen / eodd

Fig. 6. Performance deterioration of power divider by means of the

difference between the even- and odd-mode electrical lengths. IPI I
represents the return loss of port 1.

@

IIl---Shdd + .

Fig. 7. Circuit configuration using a compensation circuit for the phase
velocity difference.

deteriorated by the coupling because these coefficients are

determined from out-of-phase excitation.

In the above-mentioned discussion, the electrical length

of the even mode is equal to that of the odd mode.

Coupled lines generally have different phase velocities be-

tween the two orthogonal modes. Fig. 6 shows the isolation

and the return loss degradation at the center frequency

(eeven= 900). The impedance ratio of RZ is equal to 4.0.

Since the even-mode electrical length is fixed at 90°, the

return loss at ports 2 and 3 is consistent to the isolation

between ports 2 and 3.

This degradation problem can be solved by the com-

pensation of the electrical length deviation between dev,~

and OO~d.Fig. 7 shows a circuit example of this compensa-

tion method. A slotline which has the characteristic imped-

ance of 2 ZOdd and the electrical length of /3C= O,v,. – 00~~ is

connected to the coupled microstrip slotlines. This concept

can also be employed in multisection power dividers. This
is because the resistances have finite physical length and

this portion of the slotline is designed to have a characteris-

tic impedance of 2 ZOd~, making it possible for the phase

velocity difference to be compensated at each section.

IV. CHARACTERISTICS OF COUPLED

MICROSTRIP-SLOT LINES

In designing a power divider, the two orthogonal-mode

characteristics of the coupled microstrip-slot lines must be

evaluated. Fig. 8 shows the schematic expression of the

even- and odd-mode electric fields [20]. The spectral-

domain analysis proposed by Itoh and Mittra is adopted to

calculate the propagation constant and the characteristic

impedance of each mode because of its simplicity and



OGAWA et d.: NEW MC POWER DIVIDERS

-
(b)

Fig. 8. Schematic expressions for the even- and odd-mode electric fields

of coupled microstrip-slot lines. (a) Even mode. (b) Odd mode.

extreme accuracy [21], [22]. In this section, an outline of an

analysis of the coupled microstrip-slot lines is described

and numerical results are given for several different struct-

ural parameters.

A. Application of Spectral-Domain Analysis

It is assumed that the coupled microstrip-slot lines in

Fig. 8 are composed of perfect conductors, and that the

substrate material is lossless, and has a relative permittivity

and permeability of ~, and p,, respectively. All hybrid-field

components can be obtained from a superposition of TE

and TM modes which are related to the scalar potentials

JJ(’)(-X, Y) and +(~)(x, y), where the superscripts e and h
denote electric and magnetic, respectively. These scalar

potential fr.inctions satisfy the Hehnholtz equation. The

solutions are obtained in the Fourier transformed domain.

The Fourier transforms of the scalar functions are defined

as follows:

Jfp)(a,y) =/mr/&)(x,y)eJaxax,
~cc

i=l,2,3, p=eorh (22)

The solutions for the regions 1, 2, and 3 are written as

j~)(tx,y)= A(=)(a) ew[-y,(y -~)]

t~~)(a, y) = B(e)(a) sinhyzy + C(e)(a) coshyzy

Jf)(a, y) = D(’)(a) exp[y3y]

~\A)(a,y)= A(h)(a) exp[-y,(Y-~)]

~\kJ(a, y) = Bf~)(a)sinhy,y + C(k)(a) coshy,y

(23)J\’)(a, Y) = ~(h)(a) exp[y3Yl

where

y,2=a2+/32-k; kl=k3=k o k2=~ko.

P is the unknown propagation constant and k. is the
free-space wavenumber. The eight unknown coefficients

A(e)(a) through D(h)(a) are obtained from the boundary

and continuity conditions at the interfaces y = O and y = d.

These coefficients are the functions of the Fourier trans-

formed surface current density on the microstrip line

(~.(a), ~=(a)) and the horizontal electric field components
on the slotline ( ~X( a), E=(a)). The exact expressions of

A(e)(a) through D(~)(a) are shown in the Appendix.
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The Fourier transforms of the x- and z-directed

current-density and electric-field components on the

surfaces y = O and y = d are coupled through the follow-

ing equations:

!

G1l(a, ~) G12(cx, P) G13(k P) G14(~, B)

G21(a, fl) –GII((x,B) Gz3(a, /3) G13(cY, B)

‘23(a>~) –G13(CLB) G33(cx, B) G34(cI, P)

–G13(a, /3) Gld(a,/?) G34(LI, B) %4(cLB)

“!1!1
.)-,(a) ~=(~)
“~((x)

[X(a) (24)
ix(a) = Ix(a)

i?=(a) l,(a)

where the elements of the G matrix are the Fourier trans-

forms of the dyadic Green’s function components in the

space domain and the closed-form functions of a and ~.

The exact formulas for Green’s functions are given in the

Appendix. In (24), :X(a) and ?=(a) are the Fourier trans-

forms of the horizontal electric field on dielectric material

(Y= d). i.(a) and ~z(a) are the Fourier transforms of the
current density on the ground conductor (y = O).

In order to solve the algebraic equations given in (24),

Galerkin’s procedure is applied in the Fourier transform

domain, and the electric-field and current-density compo-

nents are expanded in terms of known basis functions.

Equation (24) becomes the simultaneous equations. The

propagation constant ~ can be obtained by setting the

determinant of the coefficient matrix of equations equal to

zero.

The characteristic impedances of the two orthogonal

modes are calculated by the ratio of the average power

flow traveling in the + z direction (P,v) and the amplitude
of the voltage across the slot ( Vo) or, the z-directed micro-

strip current (10 ) [23], [24]. The definition of the character-

istic impedance for the even and odd modes is as follows:

4P,,
z ‘—even — I;

v;
z

“dd=~”

(25)

(26)

The characteristic impedances of the microstrip line and

the slotline are applied to the even- and odd-mode char-

acteristic impedances, respectively, because the electric-field

distribution of the microstrip line is similar to that of the

even mode and the slotline to that of the odd mode, as

shown in Fig. 8. The average power is calculated from the

following equation:

where

The function

1
P,v = ~ll,~m g(a) da (27)

—w

g(a) =gl(a)+ g2(a)+g3(a).

g(a) is obtained from the scalar potential
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Fig. 9. Effective dielectric constants for the even and odd modes of
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coupled microstrip-slot lines on an alumina substrate. (a) Even mode. Fig. 10. Characteristic impedances for the even and odd modes of

(b) Odd mode. coupled microstnp-slot lines on an afumma substrate. (a) Even mode.
(b) Odd mode.

functions. The numerical expressions of g(a) for each

region are written in the Appendix.

B. Numerical Results

The following basis functions are chosen to determine

the propagation constants and the characteristic imped-

ances of the two orthogonal modes because of the highly

accurate numerical results and short computation time

which can be achieved [22], [24], [25].

For the Even Mode:

{

1, O<x<t

Exl(x)= –1, –t<x<o
o, Ixl>t

For the Odd Mode:

(28)

{

1, O<x<w

Jzl(x)= –1, –w<x<O. (29)

o, Ixl>w

Figs. 9 and 10 show the effective dielectric constants and

the characteristic impedances of the two orthogonal modes.

The relative perrnittivity c, and permeability p, of the

substrate material are 9.6 and 1.0, respectively. A substrate

thickness of 0.3 mm was chosen to accommodate the

fabrication of a power divider on it. The dotted lines

represent other available data calculated by Itoh’s (for the

even mode) and Cohn’s (for the odd mode) methods. These

data correspond to the effective dielectric constants and

the characteristic impedances of the single microstrip line

(2t/d = O) and slotline (2w/d = O). The good agreement

between this and the method being presented was ob-
tained. The average computation time for the effective

dielectric constant and characteristic impedance using the

DIPS-123-30 computer was 70 s for one given dimension.

V. EXPERIMENTAL RESULTS

In order to confirm the fundamental behavior at high-

frequency bands of the power divider, a one-section out-

of-phase-type circuit was designed using the formulas de-

scribed in the previous section at the center frequency of 26

GHz. Since the load impedance ZO is 50 Q, ZO~~l is equal

to 34.5 L? (eq. (5)) and RI is equal to 25 Q (eq. (6)). The

dimensions of the coupled microstrip slotlines are de-

termined from Fig. 9 so as to prevent isolation and return
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(a)

Fig. 11. Photographs of power divider. (a) Microstnp line pattern on
the substrate. (b) Slotline patterm on the reverse surface.

loss degradation resuIting from the difference between

z ~ve. and ZO~~. Since the ratio of the electrical length O.v.n

and r30~~can be set to a value of more than 0.8, and (as can

be seen from Fig. 6) an isolation and the return loss of

greater than 20 dB are achieved by that value, the arith-

metic mean length of the two orthogonal modes is used as

a quarter wavelength of the coupled microstrip slotlines.

The one-section power divider has been fabricated by

the usual photolithographic technique on a 0.3-mm-thick

alumina substrate with a relative permittivit y of 9.6. Since

the power divider requires a thin-film resistor, tantalum

nitride (Ta ~N) is sputtered on the substrate. Then, nickel-

chromium with a 500-~ thickness and gold with a 6000-~

thickness are deposited by the vacuum evaporation method.

Thus, the construction of the metal layers on the substrate

is a three-layer metal system, i.e., Ta ~N-NiCr-Au, while

that on the reverse side of the substrate is a two-layer metal

system, i.e., NiCr-Au. The thickness of the gold on the

microstrip lines and slotlines is increased to about 4 pm by

electroplating. The sheet resistance of the tantalum nitride

is 35 Q/square.

Fig. 11 shows photographs of the power-divider pattern.

The patterns of the microstrip lines on the substrate and

the slotlines on the reverse side are shown in Fig. n(a) and

(b), respectively. In this experiment, the ridged waveguide

[26] is used to construct the waveguide-to-rnicrostrip transi-

tion [28]. These transitions are connected to ports 1, 2,

and 3.

1.-___9
30

G
z 20

J

I t231

2

: 10

5
go

23 24 25 26 27 28 29
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Fig. 12. Experimental performance of the power divider with a center

frequency of 26 GHz.

The experimental data are shown in Fig. 12. The inser-

tion loss ( Itlzl, Itlg 1)between ports 1 and 2 (or 3) is less than

5 dB for a frequency range of 24–27.5 GHz. The excess

insertion loss is the mismatch loss at the connection point

between the slotline and coupled microstrip slotlines, and

the transition loss from the microstrip line connected at

port 1 to the slotline. The insertion loss deviation between

Itl,l and ltl~l is less than 0.5 dB over a range of 23-28

GHz. The isolation between ports 2. and 3 is greater than

20 dB over a bandwidth of 1.5 GHz. As a result, the

fundamental behavior of the power divider using coupled

microstrip slotlines has been confirmed by measurements

at the 26-GHz band, and an out-of-phase-type power

divider with good performance and simjple configuration

has been achieved by the two-sided MIC; that is, the

combination of microstrip lines and slotlines on both sub-

strate surf aces.

VI. CONCLUSION

New MIC power dividers have been proposed and suc-

cessfully fabricated at the 26-GHz band. These power

dividers utilize both substrate surfaces and employ coupled

microstrip-slot lines, microstrip lines, and slotlines. Out-

of-phase-type circuits, as well as in-phase ones, can be

constructed through a two-sided MIC technique, particu-

larly one employing coupled microstrip-slot lines.

The design formulas, the performance analysis, and the’

experimental results of the power divider have been de-

scribed. According to the design expressions, an out-of-
phase-type power divider was fabricated on an alumina

substrate and its fundamental behavior was cqnfirmed at

the 26-GHz band.

In addition to these theoretical and experimental circuit

investigations on the power divider, this paper described

the analytical method for coupled microstrip-slot lines.
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Numerical results for several different structural parame-

ters are shown and compared with previous reported data.

Good agreement between these data was obtained, and the

calculated accuracy was also confirmed by measurements

made on the power divider.

The power dividers proposed in this paper are expected

to have wide applications at the millimeter-wave band.

These circuits are useful in constructing such two-sided

MIC’S as balanced QPSK modulators and phase shifters.

These power dividers will enable a greater variety of realiz-

able MIC configurations.

gl(~,~) =@[p,y2sinhy2d + y1coshv2d] (38)

gz(~, B)=~,yJ(k? –B2)sinhy#

+ yl(k; – ~2) coshy2d (39)

g3(a,/3) = –aJ3(k~-k~)sinhy2d (40)

gq(~,p) = (~&2 + kjJ12 – k~k~)sinhy2d

+ c,y1y2k: coshyJd (41)

gs(a, B) = ~,ylyJk?sinhyJd

+ (k&2+ k;~2 – k;k;)coshy2d (42)

APPENDIX g6(%~) = –aP(k; –k$)coshy2d (43)

The exact expressions of unknown coefficients ,4(’J( a)

through D fh)(a) of scalar functions ~~)(a, y) - ~~k)(a, y)

are as follows:

gT(a, ~)=yl(kl –P2)sinhy2d

+ c,y2(k: – /?2)coshy2d (44)

gS(a, ~) = [Y1 sinhy2d + c,y2coshy2d]a~ (45)

gg(a>@=aP(k; -k:) (46)

“:[gl(~>P)fx(~)+g2(~2B)i(a)l
glo(a, p)=g(a, P)+k~P2+k;a2–k:k; (47)

gn(a, ~) = (k?P2 + k&2 – k~k$) sinhy2d

PI
+ ~.ylyJk: coshytd (48)

‘j(k:–~2) A8

“[g3(~!fl)~.(~) +g4(~B)fiz(~)l (30)
glJ(a, P)=(k; –D2)g(a, D)+k;y;(k:–~2)

b
(49)

~(~)(a) = sinhy2d. ~[g5(a, ~)~X(a)
j(k; –/32) g g13(~j B)=aB[g(a, B)+k;y;] (50)

/3uc1 1
+&(@)i(a)] -k2_~2~ g(a, p) = (k~y~ + k~y~)sinh2y2d

“[g7(a>B)ix(a)+g8;a,P)i;a)l
+y1y2k~(~, + p,) sinhy2dcoshy*d (51)

(31)

pcq.q 1 Ag=g(a, B)coshyJd –p,ylyJk?. (52)
@’)(a) = 2

–[gl(a>fl)3x(a) +g2(a>B)z(a)]
k2 –~2 A~

The exact expressions of Fourier transformed dyadic
81

–[g,(~>~)fix(~) +glo(~, p)~.(~)]
Green’s functions are as follows:

‘Jk; –/32 Az

(32)
G1l(a, ~) = jcop1sinhy2d. gl(a, fl)/A~ (53)

w)(a) = & [
C@

ix(a)+ z
kz –fi2

i=(a) 1P i=(a)c(e)(a)=j(k~–~2)
(33)

(34)

G,2(~,/3)= j~p,sinhy2d”g2(~,B)/Ag (54)

G13(a, ~)=g3(a, /3)/A~ (55)

G14(a, /3)= g4(a, ~)/A~ (56)

P1 G21(a, ~) = jtipl sinhy2d. gld(a, ~)/Ag (57)
C(~)(a)=jk2_~J~ [gll(~>6)~x(~)-g3(~7B)z(~)l

2 g G2~(a, /3)= gll(a, /3)/A, (58)

1 81— G~3(a,~) = j[y2. g15(a, j3)sinhy2dcoshy2d
01J2Y2 k:– P2 Ag

+Yl”glG(a, B)sinh2y2d
“[g,2(~>B)~x(~) +g,,(a, B)i2(a)] (35)

+gl@>@]/~~zyly#g
B

(59)

~(+(a) = f=(a) (36)
j(k~–62) G3z(a,~) = jaJ3[y2. g18(a, ~)sinhy2dcoshy2d

(37)
+y,”glg(a, fl)sinh2y,d

+g20(@]/w2yly2Ag (60)
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Gw(a, /3) = – j[y2”g21(a, j?)sinhy2dcoshy2d

+ yl”gzz(a, 6)sinh2y2d

+g23(%P)l/~P2YlY2Dg (61)

g14(% P) = PrY2(~f – ~2) 5inhY2~ + Yl(@ – ~2)co5hY2~

g15(~, B)= Pr(~?– B2)(~?Y:+~iY?) (62)

+Y;@(@-~2)(tr+/Lr) (63)

g16(a, ~)=(k; –~2)(k;Y; +k;Y:)

+PrY:~:(~:–~2)(~r+Pr) (f54)

g17(rLB) = 2YlY:~;(~? –Bz) (65)

b’18(%~) ‘Pr(~?Y: + ~;Y?)+Y:~?(Er+Pr) (66)

g19(%B) =k:Y; + k2Yl! +PrY21’k?(~r+Pr) (67)

gzo(~> P) = ‘2Yly:k: (68)

g21(%B) =Pr(k? – ~2)(kiYl + kiYf)

+ y:k:(k; – a2)(c, +p,) (69)

gz@,@=( k;-a2)(k;y;+k: y;)

(+ p,y:k; k; – a 2)(~r+lL) (70)

gm(%~) = 2yly;k;(k: – a2). (71)

The numerical expressions of g(a) for each region are as

follows.

Region @:

g@= [~xl(~)fi$(~)- fiyl(~)fi3(~)]/2Yl

ixl(rx) = – jrd(’)(a)– qL1yl/p.A@ycx)

ql(rx) = – yl~(’)(a)+ jaGJpl/p.A(fi)(cY)

RxI(a) = GJclyl//3”A(’)(a)– jd~)(a)

ffyl(a) = ja@61/p.A(’)(a)– ylxqa).

Region @:

g~(ff)=

+ zx2c(dq’?2c(~)– q2c(m’!2c(~)]

. sinh y2d coshy2d/2y2

(72)

(73)

(74)

(75)

(76)

+ [– ix2,(a)fiJ&X)+ iy2s(@$.s(~)

+ ix2&@$.(a) – fiY2.(a)I%k(a)] d/z

“ (a) fi$c(a) -+ [~x2s(@;2s(~) + EX2C

– fiy2,(fmfic(~)

– fiY2.(a)fi~2, (a)] Sinh2 y2d/zy2 (77)

zx2,(a) = – jrxp(’)(a)+ d)p2y2/p.c@)(rx) (78)

iv2,(a) = y2c(=)(&)+ jWq.L2y2/p”B(’)(a) (79)

12x2,(a) = – 6x2y2/p. c@)(a)- jdw(a)

Ily2@) = – jaL.x2/p. B(’)(a)+ y2c@)(a)

ix2c(a) = – jrxc(’)(a)+ tip2y2/p. B@)(a)

Jq2c(rx) = y2B(’)(a)+ jaa62/p. c(~)(a)

fix2c(a) = – u62y2//3. B(’)(a)– j(xc(~)(a)

q2c(a) = – ja@E2/p”c(’)(a) +y2B(~)(a)

Region @:
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(80)

(81)

(82)

(83)

(84)

(85)

@(a) = [ix3(a)fifi(a)-~v3(~)~~~(~)]/2y3
(86)

ix3(a) = – jaD(’)(a)+ @p3y3/p. D(~)(a) (87)

iy3(a) = y3D(=)(a)+ jaap3/p. D(~’~(a) (88)

iix3(rl) = – @63y3/~. D(’)(a) –jaD(~)(a) (89)

fiy3(a) = – jaa63/p. D(’)(a) +y3D(~)(a). (90)
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